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Considerations of a particular limit of the magnetohydrodynamic
equations, appropriate for the generation of magnetic ﬁeld in plan-
etary interiors, lead to a set of constraints involving a certain class
of homogeneous polynomials. This set is signiﬁcantly degenerate
owing to an identity satisﬁed by the polynomial coeﬃcients, which
involves linear combinations of simple 2 F1 Gauss hypergeometric
functions. A generalised version of this new identity is proved by
appealing to Wilf–Zeilberger theory.
© 2009 Elsevier Inc. All rights reserved.
The results that we report here arose when investigating an applied mathematics problem osten-
sibly unrelated to combinatorics: the self-generation of magnetic ﬁelds in a spherical geometry as
applicable, for instance, to the Earth’s ﬂuid core. It happens that a certain set of homogeneous con-
ditions apply to such magnetic ﬁelds, the so-called Taylor constraints, which arise in the physically
interesting low-viscosity fast-rotation limit of the governing equations [5]. These constraints take the
form of the vanishing of certain integrals over surfaces of constant cylindrical radius of a quantity
* Corresponding author.
E-mail address: phil@ucsd.edu (P.W. Livermore).0196-8858/$ – see front matter © 2009 Elsevier Inc. All rights reserved.
doi:10.1016/j.aam.2009.06.001
P.W. Livermore, G.R. Ierley / Advances in Applied Mathematics 43 (2009) 390–393 391involving the magnetic ﬁeld. We have recently proven that a necessary condition for any solution is
the vanishing of a certain function of cylindrical radius on both inner and outer spherical boundaries
of the core [3]. On adopting a truncated spatial discretisation based on spherical harmonics in solid
angle and certain regular polynomials in radius, this amounts to the vanishing of
Q(ρ, s) =
∑
j,k
a jkI jk(ρ, s) (1)
regarded as a function of s at ﬁxed values of ρ = 7/20 and ρ = 1. The coeﬃcients a jk are real and
I jk(ρ, s) =
√
ρ2−s2∫
0
z2 j
(
z2 + s2)k dz. (2)
In (1), the non-negative integers j and k belong to a prescribed ﬁnite set (whose size depends on the
spectral truncation adopted in the numerical scheme) and s is the nondimensional cylindrical radius;
the given values of ρ represent respectively the spherical radii of the inner and outer boundaries
of the Earth’s ﬂuid core. Since the integrand in (2) is a homogeneous polynomial in (s, z) of degree
2( j + k) and the integration limits are homogeneous of degree one, it follows that I jk(ρ, s) is homo-
geneous of degree 2( j + k) + 1 and can be written
I jk(ρ, s) =
√
ρ2 − s2
j+k∑
l=0
Bl(ρ)s
2l. (3)
It is then immediate that, for each choice of ρ , (1) becomes
Q(ρ, s) =
√
ρ2 − s2
L∑
l=0
Al(ρ)s
2l, (4)
where L is the maximum value of j + k.
We may therefore impose the required conditions, the vanishing of both Q(7/20, s) and Q(1, s),
simply by setting each coeﬃcient Al appearing in (4) individually to zero. This procedure yields a set
of constraints of size 2(L + 1). However, it happens that this set contains (in general) many degenera-
cies. Empirically, we found that the Al , produced by choosing one of the two values of ρ as unity, are
related by
AN(1) = AN(ρ) + 1− ρ
2
2
L−N∑
m=1
μm(ρ)AN+m(ρ), N max{ j}, (5)
where μm is proportional to a 2F1 Gauss hypergeometric function, given below. In our Taylor-
constrained problem, we will ﬁx ρ = 7/20, but the above statement is true more generally. Eq. (5)
shows explicitly the form of the constraint degeneracies: for any N  max{ j}, if the values of Al
appearing on the right-hand side are set to zero, then AN (1) vanishes automatically and enforcing
AN (1) = 0 is unnecessary.
The source of the linear homogeneous condition (5) is immediately traced to the same condition
on each I jk individually, that is,
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2
2
j+k−N∑
m=1
μm(ρ)BN+m(ρ), N  j, (6)
where Bl , deﬁned in (3), is proportional to ρ2( j+k−l) as follows from homogeneity. Note that the
upper limit on the summation is the tightest possible since Bl = 0 if l > k+ j. It is immediate that (5)
follows from (6) because the summand is independent of ( j,k).
In this note we provide a proof of a generalization of (6), and it is then a simple matter to use (5)
to count the number of independent conditions related to enforcing Taylor’s constraint.
The particular structure of the integrand in (2) arises in the following manner. The monomial
dependence of z stems from the alignment of the cylindrical integrals, deﬁning Taylor’s constraint,
with the z-axis. The appearance of s2 only through s2+ z2 comes about due to assumed C∞ behaviour
of the magnetic ﬁeld: since both z and the square of the spherical radial distance, r2 = s2 + z2, are
both C∞ , any functional relation of the given form also inherits this property. Lastly, the form of
the upper limit on integration comes from the height of the intersection of a cylinder of cylindrical
radius s with a sphere of radius ρ . The elementary structure of the identity is suggestive of a deeper
result, although the statement cannot be readily generalized, for instance, to odd exponents of z. It is
possible that this result arises in other circumstances involving cylindrically symmetric constraints in
ﬂuid dynamics, for instance, the Taylor–Proudman condition in a rotating sphere [1].
Theorem 1. Let j and k be non-negative integers and deﬁne the coeﬃcients Bl(ρ) by
I jk(ρ, s) =
√
ρ2−s2∫
0
z2 j
(
z2 + s2)k dz =
√
ρ2 − s2
j+k∑
l=0
Bl(ρ)s
2l. (7)
Then, for any positive integer N with k + j  N  j, the quantity
1− ρ2
2
j+k−N∑
m=0
μmBN+m (8)
is independent of ρ where
μm(ρ) = 2Γ (m + 1/2)√
πΓ (m + 1) 2F1
( [1−m,1/2]
[1/2−m] ;ρ
2
)
.
The statement in the theorem is considerably stronger than that of Eq. (6) and takes the more
succinct form by noting the identity μ0 = 2(1− ρ2)−1.
This result can be eﬃciently proven in two stages using the Wilf–Zeilberger algorithm [4] by ﬁrst
showing that
Bl(ρ) = Γ (k + j − l + 1/2)Γ (k + 1)Γ ( j + 1/2)(−1)
j
2
√
πΓ (k + j + 1− l)Γ (k + j + 3/2) ρ
2(k+ j−l), (9)
and then showing that the power series representation of (8) is, in fact, constant in ρ; more details
can be found in [2].
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